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The technique for constructing conformally invariant theories within the coset space construction
is developed. It reproduces all consequences of the conformal invariance and Lagrangians of widely-
known conformal field theories. The method of induced representations, which plays the key role
in the construction, allows to reveal a special role of the “Nambu-Goldstone fields” for special
conformal transformations. Namely, their dependence on the coordinates turns out to be fixed by
the symmetries. This results in the appearance of the constraints on possible forms of Lagrangians,
which ensure that discrete symmetries are indeed symmetries of the theory.
I. INTRODUCTION AND SUMMARY
The coset space technique (CST) is a very powerful
tool for obtaining Lagrangians with non-linear1 realiza-
tion of symmetries. Its area of applicability covers the
construction of effective Lagrangians resulting from spon-
taneous symmetry breaking [1–3] and of theories with
unbroken yet non-linearly realized symmetries, such as
Poincare or gauge invariance [4–7].
However, the question of how to apply this technique to
the construction of Lagrangians with unbroken conformal
invariance remains open. The problems in this route stem
from the fact that, in order to make the CST applicable,
one must take the corresponding coset space to be
gH = e
iPµx
µ
eiKνy
ν
, (1)
where Pµ and Kν are generators of translations and spe-
cial conformal transformations (SCT) accordingly. While
the first term in the coset above is standard, the second
one is not. Hence, to make sence of the theories obtained
from coset (1), one should assign yν a suitable interpreta-
tion. Several ideas on this point were suggested in [8–10].
However, none of them can be claimed fully successful,
since they include ad hoc prescriptions or use methods
beyond the CST.
The aim of this paper is to revisit the application of
the CST to the construction of conformally invariant the-
ories. By paying a careful attention to the discrete ele-
ments of the conformal group and to the method of in-
duced representations [11], the correct usage of the CST
in this case is obtained. It allows to reproduce all con-
sequences of conformal invariance in a technically nat-
ural way and clarifies a special role of yν , the “Nambu-
Goldstone field” for SCT. More specifically, the suggested
∗ ivan.kharuk@phystech.edu
1 More precisely, such representations are non-homogeneous. In
what follows those two types of realizations would not be distin-
guished.
construction is based on the fact that conformal field the-
ories (CFT) are defined on a (pseudo–)sphere. As it is
well known, its minimal atlas consists of two coordinate
charts — one at the south and one at the north poles of
the sphere, each covering the whole sphere except for the
opposite pole. The coordinates in these patches, x˜µ and
y˜ν respectively, must obey the proper gluing map in the
overlapping region,
y˜ν =
x˜ν
x˜2
, x˜ν 6= 0 , (2)
and vice versa. This results in a fact that for the con-
struction of CFT’s Lagrangians in the CST framework
one should use coset space (1) in which xµ play the role
of the coordinates and yν is a field. Furthermore, the
constructed Lagrangians must admit (2) as a solution of
yν ’s equations of motion (EqM), which imposes strong
constraints on the possible forms of Lagrangians and is
a qualitatively new requirement one must fulfil. The ge-
ometrical meaning of this condition is that it turns 2d–
dimensional coset space (1) into a d–dimensional sphere,
which is the space CFT are defined on. In particular,
it turns out that this requirement ensures that the virial
current of constructed theories is a total derivative, which
is a well known property of CFT’s.
The novelty of the developed technique comes in two
aspects. First, the suggested approach allows obtain-
ing homogeneously transforming quantities and confor-
mally invariant Lagrangians directly, by the means of
CST. This can be considered as a step towards in obtain-
ing CFTs since this simplifies the analogous construction
of [12]. Namely, unlike the latter work, in the devel-
oped formalism there is no need in introducing fields in
an auxiliary space and then projecting them to phys-
ical states. Secondly, the developed formalism reveals
the special role of the inversion, the discrete element
of the conformal group, in the coset space formalism.
Specifically, its proper consideration reveals the underly-
ing geometrical construction and the role of the “Nambu–
Goldlstone” fields for SCT. Having this understanding is
important since CST is widely used for obtaining effective
Lagrangians resulting from the spontaneous breakdown
2of the conformal invariance [13–15]. However, until the
correct application of the CST in the unbroken phase is
established, one can argue such constructions to be dis-
putable. The extension of the developed formalism to a
spontaneously broken phase and connected topics will be
addressed in the proceeding paper.
The paper is organized as follows. In section II, by
discussing the properties of the conformal group, the ba-
sis for the subsequent construction is formed. In section
III, the technique allowing obtaining conformally invari-
ant Lagrangians within the CST is developed. Section
IV is devoted to the discussion of the results, including
non–mathematical interpretation of the suggested tech-
nique, and concludes the paper. In appendices A and
B, a generalization of the presented technique to other
spacetime groups is given.
For clarity, in the paper the conformal group is taken
to be Euclidean, reformulation of the result to the
Minkowski spacetime is straightforward.
II. THE CONFORMAL GROUP
An arbitrary element of the conformal group can be
presented as a product of five basic elements,2
Conf(d) = { eiPµa
µ
, eiLµνω
µν
, eiDσ , R , I } (3)
where Lµν and D are generators of the Lorentz transfor-
mations and dilations accordingly, R is the reflection of
the coordinates, I is the inversion, and µ = 1, .., d . In
particular, the conformal group has the involute group
automorphism generated by the inversion,
G → G : ∀ g ∈ G → I g I , (4)
which allows to reveal a special role of the inversion.
Namely, under automorphism (4) the basic elements are
mapped as
I eiPµa
µ
I ≡ eiKµa
µ
, I eiLµνω
µν
I = eiLµνω
µν
,
I eiDσI = e−iDσ , IRI = R .
(5)
The first relation in the formula above, in fact, defines
SCT. This observation qualitatively differs the role of I
from that of R, since the latter invokes automorphism
mapping group elements to themselves (up to a sign)
only. As this makes the role of R trivial, further its pres-
ence will be ignored, while keeping track of I will be of
crucial importance.
A d-dimensional homogeneous space of the conformal
group is known to be a sphere Sd, which is equivalent
2 This follows from the isomorphism Conf(d) = O(1, d + 1). In
particular, as O(1, d+1) can be considered as a symmetry group
of the hypersurface −y2
0
+ y2
1
+ ... + y2
d+1
= 0 ⊂ R1,d+1, this
allows to give a strict definition of I as the element of O(1, d+1)
changing the sign of y0 .
to the Euclidean space supplemented by a point at infin-
ity. In particular, since I exchanges the origin and the
point at infinity, the latter cannot be dropped. Note that
the standard atlas of Sd consists of two charts that in-
clude the south (S) and north (N) poles of the sphere
accordingly. In particular, these charts can be naturally
“created” by acting by translations and SCT on S and
N correspondingly. This constitutes the second observa-
tion that will be important for working out the proper
application of the CST to the conformal group.
III. COSET SPACE CONSTRUCTION FOR THE
CONFORMAL GROUP
A. Establishing the proper coset space
Before discussing the application of the CST to the
conformal group, let us remind the reader its standard
rules. Let G be some symmetry group and A its (cho-
sen) homogeneous space. Then, to construct G-invariant
Lagrangians for the fields defined onA , one should follow
the steps below [11]:
• Define the stability group H of some point of A .
• Introduce V — a space of a representation of H .
• Promote this representation to that of G. This is
done by redefining the elements of V as functions
with the domain A and defining the action of G on
them according to the standard CST rules.
• Calculate the Maurer-Cartan forms (MCF) for the
coset space G/H and use them for the construction
of G-invariant Lagrangians.
In this procedure, the first three steps constitute the
method of induced representations, which is an intrin-
sic part of the CST.
However, an attempt to apply the recipe above to the
conformal group and its homogeneous space Sd fails. In-
deed, identifying the stability group of S and N yields,
S : Sd = Conf(d)/(SG(d) × P ) ,
N : Sd = Conf(d)/(SG(d)×K) ,
(6)
where SG(d) = SO(d) × D , P = {eiPµy
µ
} is the group
of translations, and K = {eiKνy
ν
} . Further, to obtain
MCF, one should take a logarithmic derivative of one of
the coset spaces above. However, since both of them in-
clude the inversion, this step cannot be done, thus yield-
ing the whole procedure inapplicable. At the same time,
the coset space without the inversion is too small for
building representations of the conformal group, since it
does not cover one of the poles of the sphere.
One may try to avoid this problem by considering rep-
resentations of the group obtained from Conf(d) by ex-
cluding the inversion. In this case, the fields of a theory
3are defined on the Euclidean space, and the correspond-
ing coset space reads
gH = e
iPµx
µ
. (7)
However, such coset space is not homogeneously reduc-
tive,3 and thus cannot be used for the construction of
conformally invariant Lagrangians [3]. To fix this issue,
one can extend coset space (7) to (1) [8–10], but this
results in the emergence of two new problems. The first
one is that it is an ad hoc prescription, and, hence, leaves
the interpretation of yν unclear. On the one hand, it can-
not be interpreted as a field, since (unbroken) CFTs do
not necessarily posses such field. And on the other hand,
considering them as additional coordinates is unnatural,
since the fields of a theory are defined on a d-dimensional
manifold. Independently from the solution of this prob-
lem, the second one unveils an inconsistency of this ap-
proach. To reveal it, one should act by SCT on (1) and
read out the transformation law of the coordinates, 4
x′µ =
xµ + bµx2
1 + 2bµxµ + b2x2
, (8)
where bµ are the parameters of the applied SCT and x′µ
are the transformed coordinates. Then, the problem is
that the point for which the denominator in (8) is zero is
mapped to the infinity, while none of the points of Rd are
mapped back to it. The only way to solve this problem is
to consider Sd as the space the fields are defined on, and,
consequently, construct representations of the conformal
group.5
To establish the way how the CST can be applied to
the construction of conformally invariant theories on Sd,
note that the problems encountered in the previous para-
graphs stem form the fact that an atlas of Sd must con-
tain at least two coordinate charts. Indeed, for a Lie
group G, one can introduce coordinates on G, as well as
on its quotient spaces G/H . Any homogeneous space of
G is isomorphic to G/H , where H is the stability group
of some point of A. Then, if A can be covered by one
coordinate chart, the coordinates on A suggested by this
isomorphism are well-defined on the whole A. However,
if it is not the cases, they become ill-defined around some
points of the manifolds. For example, for the conformal
group and its homogeneous space Sd, the differentials of
the coordinates introduced via isomorphism (6) become
singular around one of the poles of the sphere.
To resolve this problem, one can employ the follow-
ing trick. Consider a coset space obtained by factorizing
3 By definition, a coset space G/H is homogeneously reductive if
[Z,V ] ⊂ Z and [V, V ] ⊂ V , where Vi are the generators of H
and Za supplement them to the full set of generators of G.
4 This formula is proven in the CST framework in section III C.
5 Note that one cannot solve this problem by restricting the theory
to some vicinity of the origin, since this makes the action of the
translations on coset (1) ill-defined.
Conf(d) over a subgroup leaving both poles of the sphere
invariant up to their exchange,
gH = Conf(d)/(SO(d) ×D × I) = e
iPµx
µ
eiKνy
ν
. (9)
If one considers xµ and yν as independent coordinates,
then coset space (9), as a group manifold, is of dimension
2d. However, if one requires xµ and yν to be connected
via the gluing map of the coordinate charts around the
south and north poles of the sphere,
yν(x) =
xν
x2
, ~x 6= ~0 , (10)
and vice versa, (9) becomes isomorphic to a sphere Sd,
which is exactly the space the fields of CFTs are defined
on. This prescription is nothing but the standard rule
of gluing together two spaces into a new one used in the
surgery theory of manifolds and, in particular, patch-
work. Then, this suggests that one can employ the fol-
lowing prescription for the construction of conformally
invariant Lagrangians:
• Start with coset space (9), which is homogeneously
reductive, and consider xµ as coordinates and yν
as a function thereof.
• Extract homogeneously transforming quantities
from Maurer–Cartan form for coset space (9).
• Construct conformally invariant Lagrangians as
SG(d)-invariant products thereof that admit (10)
as a solution.
Importantly, this implies considering xµ as the only inde-
pendent coordinates, and, hence, all of the fields should
be introduces as a function of xµ only. Before implement-
ing this procedure in practice, the following four points
should be commented.
First of all, the discussion above lacks strict mathe-
matical evidence for the suggested construction. In ap-
pendix A it is shown that the usage of coset space (9) and
condition (10) follow from geometrical considerations —
they allow us to endow Sd with an atlas structure. This
forms the most fundamental and strict grounding of the
suggested formalism. In section IV another interpreta-
tions of the developed technique will be given, which is
not mathematically strict but has a clear interpretation.
Here we would also like to note that coset (9) can be
thought of as acting on both poles of the sphere simulta-
neously with additional requirements that 1) Pµ and Kν
act non-trivially only on S and N respectively, and 2)
the points of these orbits that are mapped to each other
by the action of the inversion are identified. This makes
it natural to dub coset (9) “two-orbit” coset space.
Secondly, in the suggested procedure xµ and yν are
considered on different grounds: xµ are independent co-
ordinates, while yν are functions thereof. This prescrip-
tion is justified in the next section by the method of in-
duced representations. It should be mentioned, however,
that their roles can be exchanged, since both of them
4provide coordinates on the whole Sd expect for one of
the poles.
Further, it should be noted that condition (10) may not
be compatible with the symmetries, or that Lagrangians
satisfying this requirement do not exist. However, in the
next section it is shown that (10) is not only compatible
with the symmetries but is required by them. Moreover,
in section IIID it is shown that all known Lagrangians
of conformal field theories can be reproduced within the
suggested technique.
Finally, note that in the reasoning that led to the pro-
cedure above it was not laid that coset space (9) will nec-
essarily be homogeneously reductive. However, it turned
out to have this property. The fundamental reason why
this happened to be the case and why, as it is shown
below, coset space (9) leads to the well-defined transfor-
mation properties of the translational MCF, is explained
in appendix B.
B. Compatibility with the symmetries
To show that condition (10) is, in fact, required by
the conformal symmetry, consider first the following two
ways of inducing (in two stages) a representation of
SG(d) to that of Conf(d),
SG(d) : (ψ)→
[
SG(d)×K : (yν , ψ(y))
SG(d)× P : (xµ, ψ(x))
→
→
[
Conf(d) : (xµ, yν(x), ψ(x))
Conf(d) : (yν , xµ(y), ψ(y))
,
(11)
where arrows indicate an extension of a representation
and given in parentheses are the elements of the space
of a representation at the corresponding stage. At the
final step one should also introduce the action of I as
the inversion of the coordinates. Alternatively, one can
induce the same representation of SG(d) to that of the
conformal group directly. According to the theorem on
induction in stages [11, 16], the resulting representations
are equivalent. Then, by transitivity, the two represen-
tations constructed in (11) are equivalent as well. This
can be the case if and only if yν and xµ are connected
via gluing map (10), which allows to switch between rep-
resentations (11) by change of coordinates (10). Thus,
the explicit forms of yν(x) and xµ(y) in the upper and
lower schemes of induction in (11) accordingly are fixed
to provide the gluing map of the coordinate charts.
The induction scheme leading to coset space (9) is
SG(d) : (ψ) → SG(d)× I : (ψ) →
→ Conf(d) : (xµ, yν , ψ(x, y)) .
(12)
Indeed, obtained in this way, the fields of the theory are
defined on a space with a doubled set of coordinates.6
6 Note that (x, y) is a set of 2d parameters, not a two different
points of the sphere.
However, since the inversion is included in the interme-
diate step, one should factorize xµ and yν not only over
the action of SG(d) [11], but under the action of I as
well. To work in this formalism explicitly, one should find
the proper functional measure. This is highly non–trivial
mathematical task, since, as (5) demonstrates, transla-
tions and SCT are related to each other by the action
of the inversion, over which action the theory should be
factorized. Instead of approaching this problem directly,
one can make use of the theorem on induction in stages.
Namely, it guarantees that the resulting representations
for schemes (11) and (12) are equivalent. Then, it is pos-
sible to switch from representation suggested by (12) to
the equivalent one. This allows to consider xµ as the only
coordinates and yν as a function of xµ whose EqM must
admit (10) as a solution (or vice versa). This also shows
that fields can be introduced as functions of xµ only.
Thus, the geometrical considerations that lead to coset
space (6) and condition (10), and the method of induced
representations on the other hand, are in full agreement
with each other. In fact, this is fully expected, since these
approaches employ the same underlying construction [11,
17].
Another evidence showing that (10) is required by the
symmetries can be obtained by studying the MCF for
coset space (9),
g−1H dgH = iPµω
µ
P + iKνω
ν
K + iDωD + iLµνω
µν
L . (13)
Straightforward calculation yields
ωµP = dx
µ , ωνK = dy
ν + 2yρdx
ρyν − y2dxν ,
ωD = 2yρdx
ρ , ωµνL = −2y
µdxν .
(14)
Since coset space (9) is homogeneously reductive, the ac-
tion of all continuous group elements on the MCF above
is well-defined, and, importantly, none of them mixes the
MCF ωµP and ω
ν
K with each other. However, one should
also investigate the transformational properties of the
MCF under the action of the inversion. The action of the
latter on coset space (9) is equivalent to making group
automorphism (4), thus yielding
ωµP → ω
µ
K , ω
ν
K → ω
ν
P , ωD → −ωD , ω
µν
L → ω
µν
L . (15)
As one can see, this interchanges the 1-forms for trans-
lations and SCT. Since the inversion is a symmetry, the
Lagrangians constructed within the CST must be invari-
ant under such transformation. To understand the con-
sequences of this requirement, note that group automor-
phism (4) also invokes the following isomorphism of Sd
to itself,
Sd → Sd : ∀ s ∈ Sd → Iˆ s . (16)
This mapping exchanges the coordinate charts around
the south and north poles of the sphere, and, since xµ
and yν are defined as coordinates therein, leads to the ex-
change of their roles. Then, the equivalent way to obtain
5the transformed Lagrangian is to take the same exterior
product of the MCF but for the coset space
g˜H = e
iKνy
ν
eiPµx
µ
, (17)
and with ωµP and ω
ν
K exchanged. The transformed and
initial Lagrangians must coincide, which is possible only
if the new translational MCF, ωνK = dy
ν , are the pull-
backs of the old ones, ωµP = dx
µ, after change of coordi-
nates (16). This forces yν(x) to obey gluing map (10),
which reproduces the result obtained by the method of
induced representations.
The discussion above demonstrates that condition
(10), which was introduced as a way of reducing the
dimensionality of coset (9), is, in fact, required by the
symmetries. Thus, the only allowed combinations of the
MCF are those that admit (10) as a solution of yν ’s EqM.
This is a qualitatively new requirement one encounters in
the process of applying the CST to the construction of
theories on the manifolds whose atlas must contain more
than one coordinate chart.
C. Reproducing representations of the Conformal
group
This is a convenient point to verify that the suggested
usage of the CST correctly reproduces representations of
the conformal group. As it follows from (12) and subse-
quent discussion, fields ψ are introduced as functions of
xµ belonging to an (irreducible) representations of SG(d)
group. Hence, they are charaterized by spin s and scaling
dimension ∆ψ, which is in agreement with the common
lore. To define how they transform under the action of
the conformal group, one should pick arbitrary element of
the conformal group, g ∈ Conf(d), and bring the product
of g and gH to the standard form [3],
ggH = e
iPx′(x,g)eiKy
′(x,g)eiDσ(x,g)eiLω(x,g) . (18)
Note that because of the commutation relations of the
conformal algebra the parameters appearing on the r.h.s.
of equation (18) are functions of xµ and g, but not of yν .
Then, (18) implies that under the action of g ψ and xµ
transforms as
ψ(x)→ Rep(e−iDσ(x,g
−1), e−iLµνω
µν(x,g−1))ψ(x) , (19)
xµ → x′µ(x, g−1) . (20)
where Rep(·) is a representation of SG(d) appropriate for
ψ. It is straightforward to verify that from these rules
follow the expected transformation properties of xµ and
ψ under the action of a dilataion and Lorentz transfor-
mation — the appearing in (18) σ and ωµν do not depend
on the coordinates, xµ is a vector with scaling dimension
−1 and ψ is a spin–s filed with scaling dimension ∆ψ. To
find the action of the SCT, one should act by g = eiKνb
ν
,
where bν is a free parameter, on coset (9). This leads to
the following infinitesimal versions of σ, ωµν and x′µ:
σ = 2bµx
µ , ωµν = bµxν − bνxµ ,
x′µ = xµ + 2bνx
νxµ − x
2bµ ,
(21)
which coincide with the standard expressions. Then,
the group property guarantees that they will coincide at
the non-linear level as well. By substituting them into
(19) and (20), one sees that the suggested usage of the
CST correctly reproduces representations of the confor-
mal group. In particular, note that fields ψ, introduced
in this way, are nothing but the so–known quasi–primary
fields. Indeed, 1) they belong to irreducible representa-
tions of SG(d) group (and, hence, are characterized by
spin and scaling dimension) and 2) Kˆµψ(0) = 0, as it
follows from (19) and (21). Thus, by definition, ψ are
quasiprimary fields.
D. Constructing conformally invariant Lagrangians
Now everything is prepared for the construction of con-
formally invariant Lagrangians in the coset space frame-
work. The consideration will be restricted to the case
when fields enter Lagrangian quadratically and with no
more than one derivative per field,7 which is enough for
the purposes of the paper. Let ψ be a field belonging to
some representation of the SG(d). The 1-form associated
with ψ reads [3],
Dψ = ∂µψdx
µ + 2yν(ηµν∆+ iLˆµν)ψdx
µ , (22)
where ∆ and Lˆµν are representations of D and Lµν ap-
propriate for ψ. conformally invariant Lagrangians are
then obtained as SG(d)-invariant wedge products8 of
Dψ, ψ, ωµP , and ω
ν
K admitting (10) as the solution of
yν ’s EqM.
The construction of conformally invariant theories will
proceed from the simplest case to the most general one
in three steps. Also, it will be assumed that d ≥ 2.
First, consider the case when there are no matter fields.
Then, the corresponding Lagrangians describe yν ’s “ki-
netic term”,
Ly = Lkin(ω
µ
P , ω
ν
K) , (23)
where Lkin(ω
µ
P , ω
ν
K) is an arbitrary function constructed
as a SG(d)-invariant wedge product of ωνK and ω
µ
P . Then,
since the scaling dimension of ωνK equals one, in d > 2
the variation of (23) with respect to yν would always
7 The inclusion of higher derivative terms into consideration is
non-trivial and will be carried out in a separate paper.
8 Practically, a more convenient way of obtaining conformally in-
variant Lagrangians is to read out the effective metric and the
covariant derivatives of fields from (14) and (22). For the details
of this procedure, see, for example, [3, 5].
6be proportional to ωνK . Hence, such theories admit the
following solutions,
ωνK = 0 ⇒ y
ν = 0 ∪ yν =
xν
x2
. (24)
For d = 2 the only possible SG(d)-invariant combination
of the MCF is a full derivative,
εµν ω
µ
P ∧ ω
ν
K = ∂µy
µ dx1 ∧ dx2 , (25)
where εµν is the Levi-Civita symbol, and, hence, does
not constrain yν ’s dynamics. Thus, the requirement for
yν to obey the gluing map is fulfilled in this simplest
case. Since yν ’s “kinetic term” always admits (10) as a
solution, in the rest of the paper it will be omitted.
In particular, the fact that gluing map (10) is a solution
of the system of differential equations ωνK = 0 can be
proved on symmetry grounds. Namely, these equations
are conformally invariant, and gluing map (10) and yν =
0 are the only functions of xµ having the same properties.
Hence, the solutions of these equations cannot but be
given by (24).
As the second step, consider the case when fields ψa
mix with yν only via their covariant derivatives. Let Lψ
be a Lagrangian governing the dynamics of the fields.
Then, varying the action with respect to yρ, after trivial
transformations, yields,
2
δL
δDµψa
(∆ηµρ + iSˆµρ)ψa ≡ Vρ = 0 , (26)
where Vρ is the “extended” virial current. It includes the
usual one, V
(0)
ρ , and the term proportional to yν ,
Vρ ≡ V
(0)
ρ + V
(1)
ρν y
ν . (27)
Note that matter fields, which have non–trivial dynam-
ics, enter equation (26), while there are no yν ’s deriva-
tives. Hence, (26) imposes constraints on the structure
of the theory, rather than on yν ’s dynamics. Namely,
(26) shows that the extended virial current of the theory
must vanish. Note that if V
(0)
ρ is zero, then so is full
Vρ. Indeed, if V
(0)
ρ = 0, then the tensor structure of the
first multiplier in (26) is such that the whole expression
vanishes independently from the explicit form of the for-
mer. Then, because of the latter property, the whole Vρ
vanishes as well. Thus, the suggested technique repro-
duces the well-known property of CFT that their virial
current is identically zero. Note also that equation (26),
in fact, ensures that yν disappears from the Lagrangian.
This observation, combined with the study of the last
case below, will allow us to suggest another interpreta-
tion of the suggested technique, which will be discussed
in section IV.
Example. A vector field theory in d = 4 provides an
instructive illustration of the developed technique. Ac-
cording to (22), in conformal field theories the covariant
derivative of a vector field reads
DµAν = ∂µAν + 2y
ρ(δµρδ
λ
ν + i(Sˆ
(1)
µρ )
λ
ν )Aλ , (28)
where Sˆ
(1)
µρ is spin-1 representation of the Lorentz group.
Then, the most general quadratic SG(d)-invariant La-
grangian one can write is
L =
1
2
CµνλρDµAνDλAρ , (29)
where Cµνλρ is a constant tensor constructed from vari-
ous combinations of δµν and is symmetric in (µν)↔ (λρ).
Further, the requirement for the virial current to vanish
yields
CµνλρDλAρ(δµσAν − δµνAσ + δσνAµ) = 0 , (30)
following from (27). It can be fulfilled if and only if Cµνλρ
is antisymmetric in its first two indices. Thus, as it was
expected, the conformal invariance requires Lagrangian
(29) to coincide with Maxwell’s one. Remarkably, it also
turned out to be gauge-invariant.
As it can be verified, the developed technique also al-
lows to reproduce free massless spin-0 and spin- 12 field
theories in 2 and in an arbitrary number of dimensions
accordingly. Note that in case d 6= 2 the virial current
of spin-0 theory is not vanishing but is the divergence of
some other tensor. How one can reproduce such theories,
including the so-known elastic vector field theory [18], is
explained below.
Finally, the most general class of conformally invari-
ant Lagrangians is obtained by allowing matter fields to
mix with ωνK directly. In this case, unless the interaction
terms sum up to a total derivative, the solution of yν ’s
EqM cannot be fixed to (10). Consequently, one must
study the question of when the interaction terms do sum
up to a total derivative. This is possible only if the virial
current is a divergence of some other tensor, since other-
wise the linear in yν term cannot be completed to a total
derivative. As a straightforward but lengthy calculation
in appendix C demonstrates, this is also a sufficient con-
dition. That is, if the virial current is a total derivative,
V (0)ρ = ∂µL
µ
ρ , (31)
the following Lagrangian contains the interaction terms
only via full derivative,
L =
1
2
Dψ∧⋆Dψ+εµ0...µdL
µ0
ν ω
ν
K∧ω
µ1
P ∧...∧ω
µd
P , (32)
where ⋆ is the Hodge dual operator. Thus, a class of
scale-invariant theories, which are, in fact, conformally
invariant after an improvement of the energy-momentum
tensor [19], correspond to the Lagrangians of type (32).
Since the interaction terms sum up to a total deriva-
tive, Lagrangian (32) can be split in two parts,
L =
1
2
dψ ∧ ⋆dψ + dL˜(y, ψ) . (33)
The second term in the expression above is a total deriva-
tive and, consequently, can be dropped without affect-
ing the dynamics of the theory. Then, the first term
7alone can be considered as a special type of the Wess-
Zumino term that can arise on the manifolds whose atlas
must contain more than one coordinate chart. In par-
ticular, the standard Lagrangians for the massless spin-0
and elastic vector field theories [18] represent examples of
such terms. Namely, they are obtained by dropping the
corresponding total derivative part from their complete
Lagrangians, which are of the form (32).
Example. It is convenient to illustrate this class of
theories on the process of reconstructing the ϕ4 theory
in d = 4. Instead of working with the differential forms,
it will be convenient to switch to the covariant derivatives
of ϕ and yν , which can be read out from (22) and (14)
to be
Dµϕ = ∂µφ+2yµϕ , Dµy
ν = ∂µy
ν+2yµy
ν−y2δνµ . (34)
Then, as the starting point, consider the Lagrangian
L =
1
2
DµϕD
µϕ+
λ
4
ϕ4 , (35)
which is SG(d)-invariant and reproduces ϕ’s kinetic and
potential terms. However, since (35) explicitly depends
on yν , it does not admit (10) as a solution and, hence,
is not a valid Lagrangian. To understand whether it can
be improved to include yν only via full derivative, one
should find the virial current of the theory, which reads
V (0)ρ = ∂µδ
µ
ρϕ
2 . (36)
Since it is a total derivative, one can complete Lagrangian
(35) to be of the form (32). For the case under consider-
ation, this leads to the Lagrangian
L =
1
2
DµϕD
µϕ+ϕ2Dµy
µ +
λ
4
ϕ4 =
=
1
2
(∂µϕ)
2 +
λ
4
ϕ4 + ∂µ(y
µϕ2) ,
(37)
where the second line was rewritten in the form similar to
(33). In particular, the first two terms in (37) reproduce
the standard ϕ4’s theory.
Summing up, the developed technique reproduces all
consequences of conformal invariance and Lagrangians
of the widely-known CFTs. Also, it clarifies the special
role of the Nambu-Goldstone field for SCT, which is the
following. The standard CST prescriptions ensure the
invariance of the constructed Lagrangian under the ac-
tion of the conformal algebra, while it is the condition
for yν to obey the gluing map that guarantees that the
inversion is a symmetry of the theory as well. In partic-
ular, if the latter requirement is fulfilled, the covariant
derivatives of the matter fields simplify to the usual ones
on the Lagrangian level (up to a total derivative term),
which explains why scale and conformally invariant La-
grangians look the same.
IV. CONCLUSION
Initially, the problems with applying the CST to the
conformal group were stemming from the fact that the
coset space Conf(d)/eiPµx
µ
is not homogeneously reduc-
tive. However, as it was demonstrated, a careful treat-
ment of discrete symmetries allows to establish the cor-
rect way of obtaining conformally invariant Lagrangians
within the CST. In appendix B this result is generalized
to other spacetime groups. Namely, it is shown that the
CST is applicable to groups whose homogeneous space
is homogeneously reductive after the exclusion of all dis-
crete and composite symmetries, like I and SCT in the
conformal group.
As it was shown, for the construction of conformally
invariant theories one should use coset space (1), as it was
suggested in earlier works. Importantly, in the process of
obtaining CFTs, yν should be considered as a field, and
constructed Lagrangians must admit gluing map (10) as
a solution of yν ’s equations of motion. As a consequence,
yν must enter Lagrangians only via full derivative. This
allows us to suggest the following reinterpretation of the
developed technique. First, one starts with coset space
(1), in which yν is considered as an auxiliary field en-
suring the applicability of CST. Further, to obtain the-
ories including only physical fields, one searches for La-
grangians containing yν only via full derivative. Since
this requirement coincides with the one obtained in the
previous section, this makes the constructions equivalent.
Although this simpler approach provides a solution to
the initial problem, it can be considered only as a trick,
while the strict grounding of the approach follows from
a careful study of the connection between the method of
induced representations and CST.
To summarize the results, in the paper the method of
applying the CST to the construction of conformally in-
variant Lagrangians was developed. A careful handling
of discrete symmetries and of the geometrical meaning
of the method of induced representations were found to
be the keys to establishing the correct application of the
CST in this case. In particular, the suggested approach
reproduces the results of [12] — conformally invariant
theories are dilaton invariant and their virial current van-
ishes (or is a total derivative [19]). In [12], this was es-
tablished by studying the divergence of the conformal
currents, while in the present paper it was shown how
these restrictions arise from the CST perspective. Fi-
nally, the developed formalism provides a tool for the
systematical construction of conformally invariant theo-
ries purely within the CST, which simplifies the standard
procedure, as well as will be of use for the construction
of Lagrangians with complicated symmetries, such as of
the conformal-affine gravity [20].
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8Appendix A: Introducing atlas structure on
homogeneous spaces
In this appendix it is discussed which coset space
should be used within the CST applied to an arbitrary
Lie group G and its d-dimensional homogeneous space
A. By studying the geometry of such spaces, it is shown
that if A’s atlas must contain more than one coordinate
chart, this requires non-standard CST prescriptions. In
particular, for the conformal group this leads to coset (9)
used in section III.
Let H0 be the stability group of a point z0 ∈ A. Then,
there is the isomorphism
A = G/H0 . (A1)
Within this isomorphism, an element gH0 ∈ G/H0 is
identified with the point of A obtained by the action
of the former on z0. In general case, G/H0 consists of
continuous and discrete elements, which will be denoted
as eiP
(0)
µ x
µ
and Tm, m = 1, ...n , accordingly (further it
is assumed that there is at least one Tm). Then, discrete
elements are identified with a finite set of points {zm},
while eiP
(0)
µ x
µ
is isomorphic to A \ {zm}. In particular,
this makes it natural to refer to P
(0)
µ as generators of
translations and to xµ as coordinates on A. Further, for
an arbitrary point a ∈ A , a /∈ {zm}, one has
a = eiP
(0)
µ c
µ
z0 , (A2)
where the exponential of translations is considered as an
operator. In particular, on can take the differential of
both sides of this formula, which demonstrates that the
coordinates on A \ {zm} are well-defined. On the other
hand, the analogy of (A2) for zm reads
zm = Tˆmzo . (A3)
Unlike the previous case, one cannot consider an infinites-
imal displacement of this point, since the differential of a
discrete element is not defined. This demonstrates that
G/H0 cannot be covered by one set of well-defined coor-
dinates.
The stability group Hm of a point zm is
Hm = TˆmH0Tˆ
−1
m . (A4)
Then, A can also be considered as a quotient space
G/Hm. By repeating the reasoning of the previous para-
graph, one sees that in this case the coordinates are ill-
defined at all zk , k = 0, ..n, except for zm, which is the
origin of the coordinate chart. Since zm can be chosen
arbitrary, this shows that it is possible to introduce coor-
dinates around each of zk, but they cannot be successfully
extended to the whole A.
The above describes a manifold whose atlas must con-
tain at least n+1 coordinate charts. Remember that such
manifolds can be obtained by considering n+1 indepen-
dent coordinate charts and then gluing them together
by introducing (n+ 1)! equivalence relations, which cor-
respond to the gluing map of these coordinate charts.
This suggest that the coset space characterizing A as a
manifold can be introduced as follows. All of the coset
spaces gHk = G/Hk, with excluded discrete symmetries,
give rise to the coordinates around zk. Then, one can
introduce n+1 independent coordinate charts by consid-
ering the action of the product of all gHk on {zk} with
an additional requirement that each translational gener-
ator P
(k)
µ acts non-trivially only on the point zk. If H˜
is the stability group of all zk up to their exchange, and
assuming that Tm mixes zk only between each other, this
is equivalent to considering the coset space G/H˜ ,
gH˜ = e
iP (0)µ x
µ
(0)e
iP (1)µ x
µ
(1) ...e
iP (n)µ x
µ
(n) , (A5)
where eiP
(m)
µ x
µ
(m) = Tˆme
iP (0)µ x
µ
(0) Tˆ−1m , which acts on {zk}
as defined above. Obtained in this way, coset (A5) de-
scribes a manifold of dimension d× (n+ 1). Further, by
introducing the equivalence relations
xµ(m) = Tˆmx
µ
(0) for all m , (A6)
one glues these n + 1 areas together, thus defining the
atlas structure on G/H˜ and making it equivalent to A,
which is of dimension d. Because Tˆm form a representa-
tion of G, (A6) defines all (n+ 1)! gluing maps between
the coordinates charts. Moreover, because of the same
property, (A6) is not only automatically in agreement
with the action of Tˆm on coset space (A5), but is also
required by it. In particular, this is the reason why in
section III B the study of the MCF led to requirement
(10).
Summing up the construction above, it can be said
that the defining property of the coset space to be used
within the CST is that it must endow the manifold un-
der consideration with an atlas. Coset space (A5) can be
thought of as acting on all points zm simultaneously, but
the points of zm’s orbits must be factorized by equiv-
alence relations (A6). In particular, for the conformal
group this leads to coset space (9) and requirement (10).
Appendix B: Reducibility of the coset
Taking the general set-up introduced in appendix A,
denote by Gc a subset of G obtained by excluding all
discrete and composite elements from the latter. For
example, such procedure corresponds to excluding the
inversion and SCT from the conformal group. Further,
assume that: 1) Gc forms a group, 2) Pµ ∈ Gc , and 3)
the algebra of Gc, AGc, is homogeneously reductive with
respect to the decomposition
AGc = Pµ ⊕Ha , (B1)
where Ha supplement Pµ to the full set of generators of
Gc . As it will become clear shortly, such requirements
9are rather general. Then, the aim of this appendix is to
show that the CST is applicable for the construction of
G-invariant Lagrangians for the fields ψ(x) defined on A.
For this purpose, two technical statements need to be
proved. The first one is that the action of H = {eiHab
a
}
leaves not only ~0 invariant, but all zm as well. Indeed,
suppose otherwise — at least for one k the action of H
on zk is non-trivial. Then, as H is a continuous group, it
is legitimate to consider an infinitesimal transformation,
eiHab
a
. Taking ba small enough, it can be assured that
under the action of eiHab
a
zk is mapped to some point
~a ∈ A\ {zm}. Since the latter can be obtained by acting
by eiPµc
µ
on ~0 for some cµ , one has
(e−iHab
a
eiPµc
µ
eiHab
a
)e−iHab
a~0 = eiPµ c˜
µ~0 = zk , (B2)
where it was used that AGc is homogeneously reductive
and that H is a stability group of ~0. Thus, zk can be
obtained by the action of eiPµ c˜
µ
∈ Gc on ~0, which con-
tradicts the condition that zk is identified with Tk within
isomorphism (A1). This finishes the proof. Similarly, it
can be proved that Tm mixes {zm} and ~0 only between
each other.
The second statement is that the group automorphisms
Wm : G→ G , ∀g ∈ G→ Tm g T
−1
m , (B3)
map H to itself. Indeed, for a given m, automorphism
(B3) can be considered as the following isomorphism of
A to itself,
A → A : ∀~a ∈ A → Tˆm~a , (B4)
where Tˆm is the representation of Tm acting on A. As
it follows from the previous paragraph, (B4) mixes {zm}
and z0 only between each other. Then, since H is the
stability group of {z0 zm}, isomorphism (B3) maps it to
itself, QED.
An immediate corollary of these results is that the full
set of generators of G is
Pµ , K
(m)
µ ≡ Tm Pµ T
−1
m , Ha . (B5)
Moreover, as AGc is homogeneously reductive with re-
spect to decomposition (B1), one also has
[K(m)µ , H ] = Tm[Pµ, H ]T
−1
m ⊂ K
(m)
µ . (B6)
Thus, the presence of automorphisms (B3) strongly fixes
the algebra of such groups. In particular, (B5) and (B6)
correctly reproduce the structure and commutation rela-
tions of the conformal algebra.
As it was explained in appendix A, for the construc-
tion of G-invariant Lagrangians one should employ coset
space (A5). Then, as it follows from (B6), this coset space
is homogeneously reductive and, moreover, the MCF ωµP
and ωµ
K(m)
do not mix with each other under the action
of H . Hence, one can apply the CST to “(n+1)-orbit”
coset space (A5).
In particular, note that from (B6) it follows that K
(m)
µ
cannot be included into the Cartan algebra of G. Hence,
in such theories the fields are introduced as representa-
tions of H˜ , which is in agreement with the CST rules.
The action of eK
(m)
µ b
µ
on the coordinates and fields is
then given by the analogue of formulas (19) and (20) for
the left action of G on G/H˜. Importantly, the resulting
transformations will depend on xµ and bµ, but not on
yµ(m), as guaranteed by (B6).
Note also that, because of the commutation relations
(B6), there exist (m+1)! ways of inducing (inm stages) a
representation of H˜ to that of G. Then, in the same way
as for the conformal group, it can be shown that xµ(m)s
should be considered as functions of xµ, whose explicit
form must be given by (A6).
Thus, the CST can indeed be applied to coset space
(A5), provided that the assumptions made in the begin-
ning of this appendix hold. The peculiarity of using CST
in such cases is that the constructed Lagrangians must
not only be H˜-invariant combinations of the MCF for
coset space (A5), but admit (A6) as a solution of xµ(m)’s
EqM as well. This requirement complements the stan-
dard CST rules and ensures that the discrete symmetries
are indeed symmetries of the theory.
Appendix C: Proof that the interaction terms sum
up to a total derivative
To prove that Lagrangian (32) contains the interaction
terms only via full derivative, one can take ψ to be a vec-
tor field. This does not result in the loss of generality
since the integer higher order spins are formed as ten-
sor products of spin-1 representations, while half-integer
spins, except for 1/2, are not of physical interest. Then,
assuming quadratic kinetic term, in general case it reads
1
2
Cµaνb(Dµψa)(Dνψb) ≡
1
2
Cµaνb
(
∂µψa∂νψb + 2∂µψay
σ(Nˆσνψb) + y
σyρ(Nˆσνψb)(Nˆρµψa)
)
, (C1)
where Cµaνb is a constant tensor constructed from vari-
ous combinations of δµν and is symmetric in (µa)↔ (νb),
and, for typographical convenience, the vector index of
ψ is denoted by the Latin letter. Since the virial current
is assumed to be a total derivative,
Cµaνb∂µψaNˆρνψb = ∂µL
µ
ρ , (C2)
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it follows that
δLµρ
δψa
= CµaνbNˆρνψb . (C3)
To proceed further, an explicit form of Lµσ should be used.
For a spin-1 field, in general case, it reads
Lµσ = αψ
2δµσ + βψ
µψσ , (C4)
where α and β are some constants. Then, by using (C3)
and (C4), one can rewrite the third term in (C1) as,
1
2
Cµaνbyρyσ(Nˆρµψa)(Nˆσνψb) =
= ∆αy2ψ2 +
β
2
(
y2ψ2 + (2∆− d)(yµψ
µ)2
)
.
(C5)
Also, substituting (C4) into the last term in (32) yields
εµ0...µdL
µ0
ν ω
ν
K ∧ ω
µ1
P ∧ ... ∧ ω
µd
P =
= dyρ ∧ L˜ρ + (2L
µ
ρy
ρyµ − y
2Lµµ)dx
1 ∧ ... ∧ dxd ,
(C6)
where L˜ρ is a differential form such that ∂µL
µ
ρ = dL˜ρ.
Full Lagrangian (32) is a sum of (C1) and (C6), which,
as it can be explicitly verified, contains yν(x) only via
full derivative, d(yρL˜ρ).
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